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Abs t rac t

]n this paper, wc analyze the performance of a communication system crnploying M-ary frc-
qucmcy  shift, keying (FSK)  modulation} with errors-and-crasutcs decoding usix]g Vitcrbi  ratio thresh-
c)ld technique for erasure insertion, ill Iiaylcigll fading  and  AWC; N channels. First, wc maximize
the code rate of the channel code that cali bc used relia})ly  via the optimum usc of crasum. ‘1’his is
accomplished by considering the capacity or the cutoff  rate of tllc u~~dcrlyil~g  discrete mcmory]css
cllanncl as the performance metric. ‘1’hcm, we examine the performance of the M-ary IWK system
with optimum Reed-Solomon codes as mecamred  by the minimum signal-to-  lLoisc  ratio required to
achieve a code word error probability of 10-5 via the o~)timum usc of erasures.



1 Introduction

‘1’iic use of error-correcting codes is of ]I]ajor  im~mrtancc itl a variety  of digital communication
systcnw. Error-correcting codes arc particularly useful and  caIl provide large potential gains in
commutlication  systems opcratitlg  over pulsccl  interfcrcncc  chantlcls or Raylcigh  faditlg chantlcls.
For these channc]s,  with forward error-correction, the im])rovcmcnt in signal-to-noise ratio  can be
on the order of 30 dB. This performance can be forthcr im~)rovcd if errors-all(l-cr~slltes decoding
is cltlployccl  in place of the usual hard clccisiolls  dccodi[lg.

in the literature, collllllllllic:Ltioll  systems with errors-aml-erasures decoding have rcccivcd a lot
of attention. IIowcvcr, iu these studicsl  the rate of the chanliclcodc  is typically fixed and  the code
WCMYI error probability iscvaluatcd  fordiffcrcnt  mcthodsofcrasurc  insertion. For example, in [1],
Baum  and Purslcy  analyze  the performance of frequency-]lop coltl~~~~ltlicatiol:s  with Baysian  erasure
insertion; itl [2], McKcrrachcr  and  Wittkc evaluate the performance of l?rcquclLcy-Hopped Spread
Spectrum (FHSS)  transmission with Reed-Solomon coding, parallel errors-and-erasures clccoding
and Vitcrbi  ratio threshold technique. On the other hand, we find some studies investigating
the implications for coding dcsigll  in systems with Crrors-only  decoding. For example,  in [3],
Stark computes the capacity and  cutoff rate of noncohcrcnt  FSK with hard and  soft decisions in
Rician  fading channels, from which optimum code rates arc dctcrmincd;  in [4], Kllalona  dctcrmincs
o~)titnum Reed-Solomon codes for hard decision decoding of noncohcrcnt  FSK in Rician  fading
chantlels using tllc bit error probability as the ~)crformancc  criteria. Furthcrlnorc,  in [5], Ritccy
atld Azizo~lu  investigate the effect of blanking on the capacity ancl  cutoff rate of a binary symmetric
erasure channel. It is shown in this study that a controlled amount  of erasures im~wovcx  tl~c chatlnel
ca~)acity.

In this paper, wc analyze  the performance of a colomunication  Systcm employing fkf-ary  fre-
quency  shift keying (k’SK) lnc)du]ation with errors-allcl-cras(lrcs decoding usi~lg  Vitcrbi  ratio thrcsh-
olding for erasure insertion, over Raylcigh  fading  ancl  AWGN channels. First, \vc maximize the code
rate of the chantlcl  code that call bc used rclia.hly via the optimum usc of er:~surcs.  ‘J’llis  is ac-
com~dislml by considering tllc ca~)acity aml the cutoff rate of the unclcrlyimg discrctc  mcmoryless
channel as the performance metric. ‘1’his code rate is optimum in the sense that it minimizes the
signal-to-noise ratio llcccssary for reliable coltlttl[ltlic:ttiolls. !l’hen, wc examine tllc performance of
the A4-ary FSK system with  optimum Reed-Solomon codes as measured by tllc millituul[l  signal-
to-noise ratio required to achicvc a code word error ~)robal)ility  of 10-5 via the o~)timum use of
erasures.

2 System Description

W e  consider  tllc systenl  slkowll  ill Fig. 1. Data is first c[lcodcd with a nollbillary  (IV, l{) Rccd-
Solomon code. ‘1’hc clctncnts  of the code words are sclcctcd from all all)hahct  of 2~ symbols, so that
q information bits arc Im.ppcd  into one of the 2q sym})o]s. ‘1’hc length  of the code word is denoted
}Jy IV == 29 – 1, tllc llumher  of inforlnatioll  sylll})ols  clicodc(l  itlto a block of IV sylnl)ols  is dcllotcd
I)y K == N – 2t, wllcrc t syln})ol  errors arc corm: t,al)le,  an(l tile llorlmdizcd  code rate is givc[i  hy
rc =- 1{/N .

A noll})illary  I{ccd-SoloI]lotl  code is parti{:lllarly IIlatcllc(l  to all A4-ary IIlo(llllat,ioll  scllclnc  for
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transmitting the M = 29 possible symbols. Specifically, M-my FSK is frequently used, such that
cacll of tllc 29 symbols is map~)ccl  to onc of the A4 orthogonal signals. ‘1’bus, thctrausmissionofa
code word is accomplished by transmitting a sequence of N orthogonal signals, where each signal
is selected from the set of M possible signals. l’hc  sequence may be transmitted with or without
interleaving. Intcrleaviu.g enforces the mcmorylcss  chauncl  uudcr  uucorrclatcd  fadiug.

Therefore the modulation considered is that of Ikf-ary  FSK, with Viterbi  ratio threshold test
as the cra..urc  generation technique, over slow nonselective Rayleigh  fading (atld AWGN) chanuels.
The system is detected nollcoherently,  with the optimum detector basiug  its decisions on the scluared
envelopes of the rcccivcd signal samples. Throughout tllc analysis, we msunlc  that the channel is
mclnoryless,  whic]l is cquivalc:llt to assumiug  that tllc attclluatiorl  due to fading  is indcpcllclcrlt
from symt)ol  to symbol. In reality, this attcuuation  is a slowly varyiug fuuctic)n  of tiluc, meauing
the real channel is not mcmorylcss.  ‘1’hc engiliceriug  solution to the memory in the chautwl is to
employ au ideal intcrleavcr.

Ijct us assume that the modulator and  the demodulator/detector are included as ~)art of the
channel. Thiscreates  an equivalent discrcte  symlnctriccrasure  channel with M inputs  and  M+ 1
outputs, since wc consider M-ary FSK modulation with erasure of Ullrcliable  syNlboIs.  If x is the
input to the channel, thcu X == Xk corresponds to translnitti[l,ga  carrier modulated signal sk(t)

sk(t)=y?{slk(t)d”z~f’~},  k= 1,2, . . ..M. o<t <l’, (1)

where

is the ccluivalcnt  lowpass signal and Aj is the minimum frequency separation between adjacent
flcquencies.  ‘1’hc  M-ary orthogonal signals ate equally probable and have equal el~crgy E..

‘1’llcrccciwxl  signa17(t)  colwistsof  two coln~)onellts: tIlc trauslllit,  tmi signal with attenuation n
and phase @ uniformly  distributed on tllc iukrval  [0,27r],  aIId a wllitc Gaussian noise coml)oI~cnt
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Figure2:  Iicceiver  str\lctllre.

ctellsitylVO/2.  The  attetluatioll  ti lmmcan square E(cr2) = 1 and is

pa(x) = 22: C-3’2,  z >0. (3)

Ovcxone  symbolinterval,  t~ [O, T], tllcreccivcd sigoalisgivml  I)y

r(t) = !R{crc%lk( t)c!j2~f ’~ }+ ,~(t) (4)

!l’he received signal is further passed tllrougli the drmlodulatc)r  am] tile Ilorlcohcrellt scluare-law
detector. The optimum receiver structure wllicll em~)loys 2M correlators,  tvo for each ~~ossible
tratlslIlittccl frc{lLlcllcy  j~=fC+-kAj,  k= 1,2,. ... M, iss~lownilkFig.  2. Tile M decision mct,rics
at tile detector are the M sqLlare-law e~lvclo~)es,

(5)

Thcctccisionv  ariables  {rk} aretllcll  ~lse[las iIll)llts  totlleclecisiol  ldevicctl]at  cmploysViterbi
ratio threshold test [8]. Decisious 011 whctllcr  to erase are made by colll~)aring envelope clctcctor
oLltpLlts to a fraction of the lar~cst  outl)ut  ill tllc set. More sl)ccifically,  a received syml)ol  is cr~scd
if

Tj >  .A~i* fOl SC)lllC! 7’~ + 7’*. (6)

wllmc Tz. = max{rl,  TZ, . . . , r~f } and A is a fixed tllrcsl~old ill tllc iutcrvaf [0, 1]. In other words, the

gal) ~ctw~crl  the largest al~d the SCCOMI largest olltpllt  iu the set must be big cnou.gh  for a symbol
not to bc crassed.  For tllosc synlbols 7Lot er,mcd, standard  har(l-dccisioll ctcmodLllatioll  is employed.
‘1’llc decisiou dcvicc is followcci  by a ltccd-Solo]tlo]I  errors-a!ld-cr:wllrcs dccodcr.  Setting the er&sLlre
tllrcsllold A = 1, rcsLllts  in errors-only dmodiug  of tllie detected sy]ubols.
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I<(!(!d-SoloIii(JIt  codes are ~)ractically  iI[llmrtalltj  for two rc:~so~~s. First, Ilcc(l-Sololllou codes arc
lll:lXlllllltl  l-cli StallCC  s(!~xlrablc,  th(!y llaVC tll(! largest posslt~lc 111111111111111 {liStall  CC, 1.C. dIlli[l ==

. . N–
1< +1. Second, tll(;rc  cxistscfficiclltc  rrorsolllya  tl(lcrrorsa  t~clcrasLlrcs(  lccoditlga lgoritllt1ls,  which
make it possible to ilnplclnel~t  relatively long codes itl ~natly  ~~ractical  applications. A boundcd-
distaucc  dccocter  capable of erasure dccodiug  can correctly dccoclc all rcccivcd words containing s
errors and e erasures as long as c and s satisfy the constraint (2s + c) < dmi,,. The pcrformaucc
ofthc t~olltldcd-distarlcc:  errors-aud-crcasurcs dccodcr  may bc characterized by the code word error
probability, Pe. This probability is equal  to ouc minus the l)robability  of correct dccocling  by the
Reed-Solomondccodc!r, givcu by the tail of the trilLomial

]’e=l– ‘~y’’ i’:-’ ( y ) ( ‘; s )1’w -?’, -J’S)N-S-C
whcrcp’, pe is the probability ofcrror  aud erasure, respectively.

(7)

3 Performance Analysis

Iuthisscction  wccomputc  thcprobabiliticso  fcorrect symbol dccision)pc,  syllll~olcrasllrc,~)e  auct
iucorrect  symbol decision, ps for the noncohcrent  It4-ary FSK systcm  with Vitcrbi  ratio threshold
tcclltliqLle  f()rcrasitlg  utlrclial)lc sylllbols, i:l Ilaylcigll fa[litlg at]d AWGNclla1l1lcls.  Siucctrausmittcd
symbols arc assumccl  to bc equally probable, it is sufticicnt to calculate PC, p~, atld PS W1lCU tllc

sylnt~ol xl is trausmittcd. Wc com~)utc these prol)abilitic  sfollowin. gBauu~ and  Purslcy  [1]. I,et
f(.) aud F(.) dcuotc  the pdf aud cdf of the {7i}’s colltainin.g  sigllal  plus noise, aud g(.) aud G(.)
bc the pdf and  cclf of the {rj}’s  containing the lloisc alone. ‘1’hc I)robability  of a Corrc!ct Syllll)ol
decision, pc, is given by

pc = l’r[71 >7), A71 >7j for  al l  j #  1]

z l’r[~r, >7’j  f o r  a l l  j# 1], (8)

w'llcrc  tllcsccollcl cclllality follo\vs  frollltlle fact that O < A < 1. ~oll(litiollitlgo  lltllccvcllt  {rl == z},
Wc fiuct

Thcp robability  of iucorrcct  symbol dccisioll,  p~, iscqual to (M– 1) tilucs
l~robabilityt  hat, say vz istllcoutl)ut  given that xl is thcchauucl  iuput

I’r(y2[xl) ~- I’1[7’Z >7”j,~7”z > 7’j for  all ~ # - 2 ]

(!))

tllc cllanucl tratlsition

(10)



~~llditiollillg  oll th(? CvCIlt  {7’2 c X} alld tll(~[l avCIagillg OV(!l  th(! Valll(:S  of 1: giv{!s

(11)

‘1’lIc probability of symbol erasure can be foutld ftoln tllc cx~mession

pc == 1 – pc – J)s . (12)

In presence  of Rayleigh  fading, the {r-k}’s  are exponentially distributecl,  Proakis  [6], with

and

f(r) = +& exp {-”ii+}
l’(r) == 1 – e x p {-i-i-i’}

(13)

(14)

Here I’ = Es/lVO is the average received symbol signal-to-lloise  ratio. In the case of AWGN and
without fading, the {r~}’s are non-central chi-squate  distributecl. The corresponding pelf and  cclf
are given by

f(r) = exp{--(r + 1’)} 10 (2AT3 , 05)

F(r) == 1 -Q, (/21’, / 2 7 ’ ) . (16)

IIcre 10 is the modified Bessel  fuliction  and  Q1 is Marcum’s  Q-function [6, p.44]. Wlle~l  no signal
is present, the {r~ }’s are exponentially  distributed  ill ~ot~~ t~le Rayleig]l fadil~g aIIcl AWGN CaSC
By virtue  of our scaling, the pdf atld Cdf arC givcll ~’Y

g(r) == ex~){–r}, (17)

G(7) = 1-- exl){-  7}. (18)

For Ilaylcigll  fading channels, closed-form expressimls for the probability of correct symbol
decisioll  ancl the probability of symbol erasure arc obtai[ied  usi[lg binomial exI)ansioll

Ii- 1

( )

M - - l 1
pc= ~(–1)~ (19)

jro ~ j~(l -1 I’) + 1’

A’f-2

()

~ (-1)~ :+-:
A(’j+l)

j), =
~~j~~--i~;-(l-~ I’) (jA + 1)2 “

(20)
j=o
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Figure  3: A4-aty Discrctc  Symmetric ~hauncl  with Erasure.

Ilowcvcr, for M z 32, (19) and (20) are numerically ill conclitiomcl  aud wc compLItc  p, and PC by
C;auss  Ijagllerre  i:ltegratioxl  ofolclcrzcro.

For AWGN channels, nocloscd-formc xl)rcssiollsa  rcknown.  ‘I’llel~robatJility  ofcorrcct symbol
clccision  aucl  the probability of symbol crasLlre  arc computed numerically from

(21)

(22)

4 Capacity and Cutoff Rate

The uudcrlying  channel model of the M-ary systenl  clescritml ill section 2, results itl the discrete
sylnuletric  chanucl  with  erasure illustrated ill Fig. 3. ‘1’ilc  iu~JLlt-oLltl)Llt  characteristics of the cllaunel
are clcscribecl  by the set of transition probabilities {?)~j}:

{

1 -- ]). – pC i =- j i==l,2, . . ..M
pzj == I)r(yjlzz)  == ps/(M - 1) i+j j+M+l (23)

])e j=. A4-}1

where pc is the probability of symbol erasure aud P. is the probal)ility  of incorrect syml)ol  decision
computed iu section 3.

ThC Cal)aCity  of thiS diSCL’etC  lUCtllOrykXS  C~lallllCl  with a fillit[!  iU1)Llt  al~)habd  ~ = {Xl, Z’, . . . . XA[}
and a fiuitc output alphabet Y = {yl, yz, . . . . yM, VA[+ I }, Wllerc Vijf+ 1 is all erasure symbol, is given
t)y [7, p.74].

c == H:ay(x;l’), (24)
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WIICIC ](X; Y’) is tllc :LVC[:lg(!  Iti(it[ld  irifor~lii~lk)l)  I)rtwiflcd by t,]ic ollt~)llt  J’ a~)(~llt  t~~{!  illl)ut  X. I)UC
to tllc syl[ltnctry  of tllc chmltlcl,  tjlic distrihutiml  that acliicvcs  ca]mcity is tllc u!liforln  distribution
I]r(xi)  = I/M, for i  = 1,2,... ,A4. After sitn~)]ification, ttlc ca~)acity of tile M-ary symmetric
dmtd  with masurc is found to bc

(
c = log~lvf(l  --]).) 1 –

where IIkf (.) is the M-ary cutropy  fuuction

~]~f(~:) =  ‘~: )og*,f(~) ‘-  (]

“’’(i%)) bits/chauml  use (25)

– x) )og*((l --- z) + Ilogflf(M -- 1). (26)

For the same chauueI  mode], we c]cfiuc the cutoff  rate as

{ [

L’f+ 1 Af 2

RO = nlax 1}– log2 ~ ~PI@) Pr(lJjjl:i)*/2  . (27)
F’l(XI)

j= 1 1, ]

As in the case of channel capacity, an cquiprobable  distribution ON the input  alphabet, Pr(xz)  ==
I/M, for i = 1,2 , . . . , M achieves the maximum value. ~ouscquently,  uudcr  the uuifom iuput
distribution, the cxprcssiou  for lto reduces to

[ J“ 1
R. = log2 M -- Jogz 1 -t (M – l)pc -t (A4 - 2)1)~ -1 2 (M -- ])p, (l --p, – p,) . (28)

The expmsious  givcu above iu equation (25) atld (28) arc used together with P. and  p, from
section 3 to obtaiu  the capacity aud cutoff rate of tllc coded systcnu. ‘1’hc results arc pmscuted  iu
tllc ucxt  section.

Ei Results

111 this scctiou  wc present solnc Ilumerical  results for the chautwl capacity and cutoff rate.  We
arc itltcrcstccl  iu fiuding  the largest possible trauslnission  rate for which reliable commuuicatioli  is
J) OSSiblC!, or CqUiValC1ltly,  thC SUlallCst  pOssit)lC  iUfOrlUatiO1l  bi t  sigIlal-tO-llOisC  ratio,  &b/~0, WhiCh
guarantees arbitrarily small error  probability with codes of rate R. (iuformatiou  bits per chauuel
sy]ul)ol).  The chanuc]  codi~lg tl]corc]ll  of i11format4i011  tllcory guarantees that there exist channel
codes (and  decoders) that make it ~)ossil)lc  to achicvc reliable  colllll~Lll~icatioll,  with as small au error
~)rol)at)ility  as desired, if the tra~lsluissioll  rate is Icss tllau  the ca]mcity.  We take cutoff ratel  Ro, a.s
a ])ractical value of ca])acity as suggestcct  by tllc com])utatiollal  cc)mplcxity  of scqucmtial  decoders
[10, IJ.318].  Therefore, wc calculate the mi~liu~ulil  Eb/JVo uccessary  for reliable colt~l~l~ll~icatiolls  by
computing the chauuc!l  ca])acity aud cutoff rate. F;rrors-axld-erasures decoding is assumed, and the
results are obtained by optimizing the tllrcsllold  A to maxitnize  ~ aud Ro. We com~)arc  the results
for the Raylcigh  fadiug  chauuels  with those for the AWGN chautlcl. Both errors  ouly aud errors
and erasures is cousidcred.

We follow the aualysis  prcmltcd by Stark [3] aud Wilsoll [10]. First, wc relate the chauml
sylllt)ol  sig~~al-to-~loisc  ratio,  ~;s/~0,  to t~lc il~forluatioll  ~)it sig[lal-to-lloisc ratio, &b/~0  by ]~s/~0  =
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]/c~I,/~O.  Next, w(! t!qlmk  ~C := ~ (or ll’C =- l{o ), aIId fiIId t~lc solutiox]  for ~L/~~ for diffC!L’Cllt  code
rates irl tlw rallgc O < ItC < log2 M. This solutio~]  lmovidcs a lower Imulld 0[1 f~/lVo required for
rclial)lc  collllll~l[li(:ati(J1l.  Ilorll  (25) atld (28), wc s(!c tlmt for a given alplml)ct  sim J?4, tllc capacity
and  cutoff’ ratm of the discrctc  sylntnctric  cllanllcl with crasum  arc functions of ps, tllc symbol error
p r o b a b i l i t y ,  a[dpc,  tllcsyl~ll~ol  cras[Irc lJrol~al~ility,  whicl] in turn CICPCIN1  011 Jt~~L/No NIC1 ~. ‘~0
rcnlove the A dcpcndcncc,  we maxitnizc  over O < A < 1 to obtaiu

(29)

and solve nutnerically  for

&~ g-:(lic, ~”)
3Q = Iic 7

(30)

where A* is the optimum erasure threshold. Similarly, based  on cutoff rate calculations, the lower
bouIld on tb/NO required for rc]iab]c collllllllllicatic)ll  is found by solving

& __ 1/0 ‘( R., A*)—.—. --——
No ‘“ l(C - (31)

Both  capacity and cutoff rate arc fuuctions  of the erasure threshold ~. Itl Fig. 4 wc illustrate the
channel capacity (in bits ~)ct channel use) with liaylcigh  fading  for diflcrcnt  values of tllc alpllabct
siz(! M, at lJb/iVo = E~/lVo  Iogz M = 8 d}). Notice that tlmc exists all optimum erasure threshold
A’ which maximizes the channel capacity, and that A* varies with  M. Observe that for a constant
Eb/NO, A“ increases with M .

‘1’llc  locus of the solutions to (30) and  (31) arc illustrated i~l l’ig.  5 for chanm] ca~)acity,  and
Fig. 6 for cutoff  rate. ‘1’hcsc  loci were ohtaitlcd  by ~)icking  h’s/No  values, finding tlw maxitnuln
ca~)acity (or cutoff  rate) with ol)timutn  tllrcsllold  selection, cquatillg  IiC =- 0 (or 1/0), ancl  t h e n
converting ES/N. to the rcquirecl  &b/No. III Fig. 5 wc show the ltli~littlu~~l  ~b/No loci implied by the
cal)acity  limit for no!lcohcxcnt  demodulation of binary FSK on the intcrlcavcd  Ilaylcigh  channel and
the AWGN chatmcl. In addition, wc show the lninimum  Eb/No loci of tltc solutions to cquaticm (30)
for A = 1, corresponding to the Crrors-ollly  dccodil[g case. SituiIarly,  in Fig. 6 we illustrate the
Illillimllm  &b/No ]OCi itllpliCd hy thC CUtOf~  Id(! litllit,  fOl  thC Cases Of CrL’OrS-alld-CL’aSUrCS dCCOdillg
a~ld errors-oIlly decoding, in fading  and  nonfading c}lallnels.

Wc observe several intcrcstin.g features froln tlic curves of Figs. 5 a[ld 6. First, wc note that t)wrc
exist opti  Inulu rates ill the nlitliItluIIl  cllcrg.y scIlsc, for all tllc cases sllowll. “1’llus, tllc i~lforlnatioIl
~)it sigllal-to-noise ratio ~b/NO rcacllcs a IIlillilullln  at tl~c o~)ti~llum  code rak, aIId tllc!~l  iucrcascs for
l)oth }Iigllcr  a~ld Iowcr rates. l’his  I)clmvior  is Ilot  fouli(l  with collcrcllt [l[!rIlo[l[Ilatic)Ii,  itl wllic}l cfLsc
~b/NO dccrcascs  monotonically with  a dccrcasc  ill code rate [6, 1).404].  SccoIldly,  wc observe that
errors-atlcl-erasures decoding with ol)tinlul[l  t}ltcsl)old  selection is IIIOrC  cf~icicllt  iIl t}lc  Inininlulo
mcrgy sense than crrcms-only dccocling  for both Itaylcigh  and  AWGN cha~lrlcls.  ‘1’liis  is a rnai[l
corlcl  L1sion of our study. For cxalll~)lc,  if tllc o~)tilmtl  code rate is clloscll  Imwxl 011 cutofl’ rate for tllc
Raylcigll chatlnel, errors-and-erasures dcco(lillg  costs around  0.7 dIl less relative to tll(!  lninilllulll
~b/No Ilcccssary  for errors-o]lly (lecodillg.



~’abh! 1: Minilnuln  Eb/JVo md o])titllll[t[  cd! rates  based m capacity.__ . .  ——
A Sb/NO (dF~) R a t e———-

Raylcigh Errols-all(I-cras  [lr(!s 0.49 9.62 0.’23.—. .—— —.—
–Errors-only 1.00 10.24 0.’21— .——— ——. ———-—-— . . . . —

AWGN Errors-and-erasures “--0.55 7.34 0.52.——_—.. —
Errors-only ‘- 1.00 7.82 0.52—.. ..— .. —.. — —..———— —

l’atjle 2: MiIlilnum&  b/No and o~)tit[lul~lcodc  rates based  oll cutoff  rate.—— .—. ——. . . .
i f~/N(I  (dB) Rate.--— —

-  Raylcigl;--” Errors-and-erasures 0.45 12.21 0.16.——
Errors-only 1.00 12.94 0.13——..—..—.

AWGN 13rrors-and-erasures
—-— _——_

0.50 9.16 0.54——————
Y;rrors-only 1.00 9.84 0.46. —.—. —

I,astly,  wc notice that the AWGN channel exhibits a broad optimum-rate region from about
0.3 toO.7  bits/channel use, wllilc the Raylcigll channel  is characterized by smaller optimutn  rates
and greater sensitivity to tllc code rate variations. Also, note that the loss incurred  t)y Rayleigh
fading compared to NC) fading, in tile capacity SCIISC, is around 2.3 dD for the optimal code rate
and errors-at@cm-surcs dccodillg. ‘1’hcoptimutn  code rates  and erasure thresholds  together  with
t~lC1llilliltllllll~b/~0 basccloll  cllallllel  ca~)acityall(l  clltofl ratcfor tllebillary  llollcollcrcllt FSKarc
summarized ill Tables 1 and 2 rcs~)ectivcly.

For M-ary ncmcolmrcnt  FSK with M larger than 2, the minimum information bit signal-to-noise
ratio implied by the capacity lilnit is shown in Fig. 7fc)rtllc Itayleigll clla~ltlc1,  atlcl in Fig. 8forthc
AWGN channel. lnbothfigurm,  &ssll~tlixlg  crrc)rs-allcI-cras~lrcs  clccoclillg  with optimum threshold
selection, we plot the minimum ~b/NO loci versus the norma]izcd  code rate, 7’C = RC/log2M  (in
information symbols  per chanml use), for A4 =. 2,4,8, a]ld 16. ‘1’wo equivalent plots for the
minimum information bit signal-to-mist ratio ilnpliml  by the cutofr  rate are illustrated in Fig. 9
for the Raylcigh  channel,  and in Fig. 10 for tl~c AWGN chanucl. Froln all these plots we observe
that ass M increases bcyolid 2, tile lninitllu:n &b/No IICCXIN1  for reliable  comlnunicatiom  reduces.

F ina l ly ,  wc  cicternlillc liow well  tllc optimuln  code rates  obtainccI fronl the channel  c a p a c -
ity and cutoff rate lilnit ~)rcdict  tile ~)crforltlallcc  of l)ractical, fitlitfe-length  Rind-Solomon cocles.
~onscqucntly,  wccvalLlatc  tllcl)crforl~l:~tlcc  c) fIlc:c[l-Sc)lol  ilc)rl coded A4-ary  FSK l~lo(l~llatioll~vitll
errors-and-(!rasurcs dccodillg  over tllc Raylcigll and AWGN clla]ll]cls. Assumingcodes  of hmgth
N== A4– 1, tlle~)crforl~laIIcc  oftllco~)t,iIIllll~)  (N, K) ILce[l-Solo][loIl  co[lcscaIl  t)cclctcrlIlitlccl  ~lsiIlg
(7) for the probability of code word error J\.

Ill Fig. 11 we illustrate the ~b/NO loci measured to achic!vc  a code word error  probability  of
10-5, for M = 16,32,64,128, aud 256 itl Raylcigll fading cllatll~cls. Sit[lilar curves arc shown ill
Fig. 12 for AWGN chanmls.  Tlic!sccurvcs  wcrcohtainod  by varyitlgthc  i[lforltl;itiorl  syl[ll)olsir~to
the  code and tllcrcforc  thccodc rate, and at cacll rate fi[i(litlg~llli[lcri(’ally  tllcsigd-to-]loiscratio
with optimuln  threshold sck!ctiori such t~lat  I’C = 1 0- 5. Wc notice that tllesc plots nave similar
characterist ics .%s tllosc tmwxl 01) calxwity  or clltoff rate lilllit ,  and tl]at  tllcy (!sscl)tially ~)rcclict

(j



l’able 3: ol~timum  It{!c![l-SCJlc}tIttJll  codes atld E~/ZVo  rcquirwl  for J’C  ❑ - 10-5.————. —
Itaylcigll

-., .-=,  T.=.: — Q.. — .—
‘AWG N

A (A( ~{j’ tb/No (dr]) -1 A (IV, K) fJNIJ ([ID)— — . ——.—————_—— .- —..
0.4 (15, 3) 1 4 . 7 0.7 (15,9) 7.1
0.5 (31, 7) 11.5 0,8 (31 ,21) 5.6
0.6 (63, 17) 9.’2 0,8 (63 ,43) 4.5
0.6 (127, 35) 7.8 0.8 (127, 83) 3.8
0.7 (255, 73) 6.8 0,9 (255,173) 3.2

the same optimum code rates. Also, it is observed that the signal-to-noise ratio required for a
10-5 code word error probability with short length  Rcwcl-Solomon  codes is much higher than the
lower limit  on f+/~0 for reliable  CO1llllllllliCatioll. IIowevcr, as tbe code word length (equivalently
the signal set size) increases, the gap  between the signal-to-noise ratio required for a 10 -5 code
word error probability and the lower limit predicted by the capacity (or cutoff  rate) clccrea~es.  For
example, with M = 256, the ~b/~CI required by Reed-Solonlon codes is withiu  approximately 2.8
d13 of tbe capacity limit in Raylcigh  channels, and  within 1.2 d]] of the capacity limit ixl AWGN
channels. The optimum Reed-Solomon codes, together with the information bit signal-to-noise ratio
&~/IVCI  requirccl  to achieve P. = 10-’ 5, and tile corresponding mmure thresholds are summarized
in Table  3. Moreover, our results show a significant performance itnprovcmcmt with errors-and-
erasures decoding of the optimum lkxxi-Solomon  codes listed in ‘J’able 3, compared to errors-only
decoding of the same codes in Rayleigh  channels. For example, at a code word error  probability
of 10-5, errors-only decoding requires at least 3 dl; more than errors-and-erasures decoding of the
(15, 3) I{CCC1-SO1OIIIOII code  in Itayleigh fading. 011 the othm  hand, there is wry littk performance

improvclIleIh with errors-and-erasures decoding over crrc)rs-o~lly decoding for tile AWGN clmnncls.

6 Conclusion

The ~)urpose of this paper is to design error-correcting codc!s for an ~4-aI’y nollco~icrcnt  FSK system
with errors-and-erasures decoding, on cllanmls  sul)jcctcd  to Raylcigh  fading (or white Gaussian
noise). WC show that Reed-Solomon codes can h dcsigncxl  for optimum rate and optimum erasure
thrcsllold,  as measured by the minimum signal-to-noise ratio necessary for reliable col[lltllltlicatiolls.
This Inininlum is calmlatcd by conl~)utfi[lg  tlm c]mntml  ca~)acity or cutoff  rate.  Using the channel
ca~mcity  (or cutoff rate)  as tllc l)crforlnallcc  criteria is justified I)y tllc chat)ncl coding t}l[!orcln of
itlformatioll  theory, wllicll .guaralkce.s tllc cxistmcc  of codes with rates less tlla[l  tllc capacity, for
wllicll arbitrarily slllall  error  l)rolmbility is ~)ossil)l(!. Moreover, wc arc itkcrcstcd  in colnparing  the
performance of tllcsc infillitc lcllgth codes, with tllc! ~)crforllmtlcc  of practical errors-all[l-crasllrcs
Rcml-Solo]IIon  codes for tllc M-ary FSK systcttl. O1~tinluln  1LCCX1-SO1OH1OI1  codes were obtainecl  to

millilnize the sigllal-to-noise ratio necessary to achicwc  a ~)rot)a})ility  of code word error of 10-” 5. I t
was sllowfIl  that the rcslllts obtained for optinluln  rates of llccd-Solo]non  codes arc close to tl~osc
ol)tainml l)y tllc calmcity  or cutoff  linlit. ‘1’llc  Inaill  conclusiotls drawn  from our results arc:
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. Ijow-rate codes (irl itlfortnatio~l  syIIll~c)ls/cli:L]]]]cl  USC) arc optimuln  for tlw lt4-ary notlcoh[!r-
c!rlt FSK systcln  over Rayleigh fading  cl]mllcls,  ~lmvided sig[lificallt  bandw’idt]l  expansion is
acceptable. III AWGN cl]anllcls,  moderate-rate codes arc ol)timutll for ttlc M-ary Ilollcohcrent
FSK system.

● The energy cfflcicncy  of the lvf-ary noncolmmt  FSK systcm  is increasing with a larger al-
phabet size, at tlic expense  of reduced hatldwidtll  efficiency.

● The optimum code rates prcdictcd  by the capacity or cutoff rate limit arc very close to the
optimum rates of Reed-SolomoI~ codes achieving a code word crrc)r probability of 10 -5 with
the M-ary noncohcrcnt  system.

● Ermurcs decoding of Reed-Solornon codes provides significant performance improvement over
the fading  channels  (measured by the probability of code word error), but does not provicle
significant gain for the additive white Gaussian noise channels.

The  results obtained here can serve as benchmarks of obtainable performance and  should tJc
useful in validating the results of simulation studies. Furthermore, the analysis presented can be
readily extended to other fading channel models, such as tllc Iiiciall  ancl Nakagami  fading models.
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